Bent functions can be classified into regular bent functions, weakly regular but not regular bent functions, and non-weakly regular bent functions. Regular and weakly regular bent functions always appear in pairs, since their duals are also bent functions. In general, this does not apply to non-weakly regular bent functions. However, the first known construction of non-weakly regular bent functions by Çeşmelioglu et al. yields bent functions for which the dual is also bent. In this paper, the first construction of non-weakly regular bent functions for which the dual is not bent is presented. We call such functions nondual-bent functions. Until now, only sporadic examples found via computer search were known. We then show that with the direct sum of bent functions and with the construction by Çeşmelioglu et al., one can obtain infinitely many non-dual-bent functions once one example of a non-dual-bent function is known.
area of bent functions has developed into a prominent research area. For a recent survey we refer to [2] .
For Boolean bent functions we have f (b) = (−1) f * (b) 2 n/2 for a Boolean function f * , called the dual of f . When p is odd, then a bent function f satisfies (cf. [8] )
for a function f * from V n to F p . Accordingly f is called
for all b ∈ V n , which for a Boolean bent function always holds. If p −n/2 f (b) = ζ f * (b) p for some ζ ∈ {±1, ±i }, independent from b, we call f weakly regular, otherwise f is called non-weakly regular. Note that regular implies weakly regular.
Weakly regular bent functions f always appear in pairs, as also the dual f * of f is bent. We restate here the argument in [8] , see also [6] : For y ∈ V n we get 
a special case of Poisson Summation Formula. We now use that f is weakly regular, hence f (b) = ζ p n/2 f * (b) p , with ζ fixed, independent from b. Then p n f (y) p = ζ p n/2 b∈V n f * (b)+ b,y p = ζ p n/2 f * (−y).
Consequently f * (−y) = ζ −1 p n/2 f (y) p (3) and therefore f * is weakly regular bent.
All classical constructions of bent functions yield weakly regular bent functions. The first sporadic examples of nonweakly regular bent functions, all in characteristic 3 and found by computer search, appeared in [8] [9] [10] . In [14] , it was observed that one can obtain more examples in dimension m + n with the direct sum F(x, y) = f (x) + g(y) if one chooses for f a (weakly) regular bent function in dimension m and for g a non-weakly regular bent function in dimension n. The first construction of infinite classes of non-weakly regular bent functions was given in [3] . The construction in [3] , which works for any odd characteristic p, was then further analysed in [4] [5] [6] [7] . The results indicate that though the "obvious" 0018-9448 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
constructions yield (weakly) regular bent functions, being nonweakly regular is not at all an exceptional property for a bent function (in odd characteristic).
In [4] this construction is used to obtain bent functions attaining the upper bound ( p − 1)n/2 + 1 on the algebraic degree of a bent function, for p = 3 and any odd dimension n. The existence of bent functions attaining this bound is still open for p ≥ 5 and for even n and in general. Bent functions attaining this bound must be non-weakly regular, see [11] . More such constructions in multivariate representation are given in [5] .
In [7] it is shown that the class of bent functions obtained with the construction in [3] can be seen as a generalization of the Maiorana-McFarland class, and known classes and examples of bent functions in odd characteristic are examined for their relation to this class. For instance it is pointed out that the non-weakly regular bent function in [14, Example 1] belongs to this class, whereas the non-weakly regular bent function in [10] given as in 1) below, does not.
In [6] it was observed that the construction of non-weakly regular bent functions in [3] , which uses previously known bent functions in dimension n to obtain one bent function in dimension n + 2, yields bent functions for which the dual is also a bent function. Moreover it was pointed out that the construction yields with the new bent function also its dual. This is then used to construct bent functions with interesting properties, like non-quadratic self-dual bent functions in odd characteristic, and bent functions f for which the dual has a different algebraic degree (hence f and f * are affine inequivalent).
Whereas the duals of the bent functions obtained with the construction in [3] are also bent, some of the found sporadic examples of non-weakly regular bent functions do not have a bent dual: 1) g 1 : F 3 6 → F 3 with g 1 (x) = Tr 6 (ξ 7 x 98 ), where ξ is a primitive element of F 3 6 , see [8] , 2) g 2 : F 3 4 → F 3 with g 2 (x) = Tr 4 (a 0 x 22 + x 4 ), where a 0 ∈ {±ξ 10 , ±ξ 30 } and ξ is a primitive element of F 3 4 , see [9] , 3) g 3 :
ξ is a primitive element of F 3 6 , see [10] .
Following these observations, in [6] a new concept of bent functions was introduced: A bent function f is called a dualbent function if the dual function f * defined as in (1) is also bent. Otherwise we call f a non-dual-bent function. Clearly every weakly regular bent function is a dual-bent function, but the converse does not hold. For all types of dual-bent functions, regular, weakly regular but not regular, and non-weakly regular but dual-bent, we know constructions. What is missing, is a theoretical construction of non-dual-bent functions, i.e. a construction of bent functions for which the dual is not a bent function.
The objective of this paper is to close this gap, presenting the first construction of bent functions which yields non-dualbent functions. In Section II we present a construction of bent functions which can be seen as an extension of the direct sum. In Section III we show that this construction in general yields non-dual-bent functions, and we give some examples of non-dual-bent functions. In Section IV we show that with the direct sum of bent functions and with the construction in [3] one can obtain infinitely many non-dual-bent functions once one example of a non-dual-bent function is constructed.
II. A SEMI-DIRECT SUM OF BENT FUNCTIONS
A simple construction of a new bent function from two given bent functions is the direct sum of a bent function f from V m to F p and a bent function g from V n to F p , which is the function F :
In this section we present an extension of this secondary construction which we may call the semi-direct sum of two bent functions f and g. We will employ this semi-direct sum in the next section to provide the first construction of nondual-bent functions.
Theorem 1: Let f : V m → F p and g : V n → F p be bent, and let h be a function from V m to V n . The function F :
is bent if and only if for
is a bent function. The dual F * of F is then
Since
for some ζ ∈ {±1, ±i } (which may depend on a and b), and the formula for the dual F * follows.
Remark 1: If h is the zero function, then the condition in Theorem 1 trivially holds and the semi-direct sum reduces to the direct sum.
Remark 2: In [1], Carlet presented the special case of the construction in Theorem 1 where p = 2 and g is the quadratic
x n−1 x n from F n 2 to F 2 , n even. The function F : V m ×F n 2 → F 2 is then of the form
for some functions h 1 , . . . , h n from V m to F 2 .
III. BENT FUNCTIONS FOR WHICH THE DUAL IS NOT BENT
We first present some examples of bent functions from V m × F n p to F p obtained with the semi-direct sum. Note that to satisfy the conditions in Theorem 1 we need a bent function f :
is bent. To generate such functions f, h 1 , . . . , h n from V m to F p we will employ vectorial bent functions from F p m to F p . Hence in this section, V m will be the finite field 
where η(α) denotes the quadratic character of α in F p m .
Lemma 2 (see [7, Proposition 2] and its proof): Let m, k be positive integers such that gcd(2m, k) = 1. For each α ∈ F * 3 m , the Walsh transform f α of the weakly regular bent function
where η(α) denotes the quadratic character of α in F 3 m .
We remark that the statement in [7, Proposition 2] only deals with the case that m is even. The proof applies to both, m even and m odd.
Corollary 1: For integers m and n, 2 ≤ n < m, let α 0 , α 1 , . . . , α n ∈ F p m be linearly independent over F p , and let g be a weakly regular bent function from F n p to F p . Let -G(x) = x p k +1 for some integer 0 ≤ k ≤ m such that m/ gcd(m, k) is odd, and f α j (x) = Tr m (α j G(x)), 0 ≤ j ≤ n, or -p = 3 and G(x) = x 3 k +1 2 for an integer k such that gcd(2m, k) = 1 and f α j (x) = Tr m (α j G(x)), 0 ≤ j ≤ n.
is a bent function, which in general is non-weakly regular. Proof: Clearly, F is the bent function (4) for f = f α 0 and h j = f α j , 1 ≤ j ≤ n. Note that G λ 1 ,...,λ n (x) = Tr m ((α 0 + n j =1 λ j α j )G(x)) is bent since the elements α j are chosen to be linearly independent, hence α 0 + n j =1 λ j α j = 0. To see that F is non-weakly regular, we choose λ 1 , . . . , λ n andλ 1 , . . . ,λ n such that = α 0 + n j =1 λ j α j is a square and¯ = α 0 + n j =1λ j α j is a non-square in F p m . Clearly in general such ,¯ exist. With Lemma 1 respectively Lemma 2, and the assumption that η( ) = η(¯ ), the non-weak regularity of F follows from (5) together with the weak regularity of g.
Remark 3: If α 0 = 1 and α 1 / ∈ F p such that 1 + α 1 is a non-square, we immediately obtain non-weakly regular bent functions with the constructions in Corollary 1. The existence of such an α 1 is obvious (due to cardinality reasons) if m ≥ 2. In the remainder of this section we show that in general the construction in Theorem 1 yields bent functions for which the dual is not bent. Our functions are the first theoretically constructed non-dual-bent functions. We follow the approach of Corollary 1 where we employ vectorial bent functions for our construction. For simplicity we choose n = 2 and G(x) = x 2 and g(y 1 , y 2 ) = y 1 y 2 . Then
where f (x) = Tr m (x 2 ), h 1 (x) = Tr m (αx 2 ), h 2 (x) = Tr m (βx 2 ) and 1, α, β are linearly independent over F p (we take α 0 = 1, α 1 = α, α 2 = β). As an application of Theorem 1 we obtain the subsequent corollary.
Corollary 2: Let 1, α, β ∈ F p m be linearly independent over F p . If
then the function F :
is a non-dual-bent function. Proof: Observing that g * (y 1 , y 2 ) = −y 1 y 2 , the dual of F is y 1 α + y 2 β) ).
Furthermore,
We determine the Walsh coefficient of F * at (0, 0, 0) = (0):
where ζ ∈ {±1, ±i } only depends on p and m, see Lemma 1. As a consequence, if
then F * is not bent. Condition (7) combines the additive and the multiplicative structure of the finite field and is therefore not easy to analyse. If all values for 1 + λ 1 α + λ 2 β, λ 1 , λ 2 ∈ F p , have the same quadratic character, then F is weakly regular, hence a dual-bent function. As obvious, in this case the character sum in (7) has in fact absolute value p. Clearly with a random choice of α, β this is quite unlikely, and one also would expect a chaotic behaviour of the character sum in (7) . In particular it seems that its absolute value is rarely p, so that it is easy to find examples of non-dual-bent functions obtained with Corollary 2 for any odd prime p. Below are some examples for p = 3, 5, 7, 11 and 13. We remark that all previously known sporadic examples of non-dual-bent functions are in characteristic 3. In all cases we use Magma to evaluate the sum in (7) .
Example 1: Let p = 3, m = 3, and let w be a root of the irreducible polynomial g(
the character sum in (7) has absolute value √ 3. Hence in both cases the dual of the bent function F(x, y 1 , y 2 ) = Tr 3 (x 2 ) + (y 1 + Tr 3 (αx 2 ))(y 2 + Tr 3 (βx 2 )) from F 3 3 × F 2 3 → F 3 is not a bent function.
Example 2: Let w ∈ F 3 4 be a root of the irreducible polynomial g(
Hence the dual of the bent function F(x, y 1 , y 2 ) = Tr 4 (x 2 ) + (y 1 + Tr 4 (wx 2 ))(y 2 + Tr 4 (w 2 x 2 )) from F 3 4 × F 2 3 to F 3 is not bent.
Example 3: Let w ∈ F 5 3 be a root of the irreducible polynomial g(x) = x 3 + x + 1, let α = ω, β = ω 2 , and let F be the bent function from F 5 3 × F 2 5 to F 5 given by F(x, y 1 , y 2 ) = Tr 3 (x 2 ) + (y 1 + Tr 3 (wx 2 ))(y 2 + Tr 3 (w 2 x 2 )). Since
the dual of F is not a bent function. Example 4: p = 7, m = 3, α = w and β = w 2 where w is a root of the irreducible polynomial
. Then equation (7) is |3 + 2 7 + 2 2 7 − 2 3 7 − 2 4 7 + 2 5 7 + 2 6 7 | ≈ 8.20775 = 7, and the resulting bent function is a non-dual-bent function. Example 5: p = 11, m = 3, α = w and β = w 2 where w is a root of the irreducible polynomial
The sum in equation (7) is then |7 − 2 11 − 2 3 11 +2 4 11 + 2 5 11 + 2 8 11 + 2 9 11 | ≈ 5.60527 = 11, and the resulting bent function is a non-dual-bent function. Example 6: p = 13, m = 3, α = w and β = w 2 where w is a root of the irreducible polynomial
. For (7) we then obtain | − 7 + 8 2 13 + 8 3 13 − 2 4 13 − 4 6 13 + 8 10 13 + 8 11 13 − 6 12 13 | ≈ 3.29809 = 13, and the resulting bent function is a non-dual-bent function. We add an example of a bent function of the form (8) for which the absolute value of the character sum in Corollary 2 equals p.
Example 7: Let w ∈ F 3 3 be as in Example 1, and choose α = w and β = w 2 . In this case we have | y 1 ,y 2 ∈F 3 η(1 + y 1 α + y 2 β) −y 1 y 2 p | = 3. Hence for the corresponding bent function F we have | F * (0)| = 3 5/2 , and F may or may not have a bent dual. Using Magma we confirmed that the dual of F is again not a bent function.
IV. RECURSIVELY CONSTRUCTING NON-DUAL-BENT FUNCTIONS
In this section we show that once a non-dual-bent function is constructed, one can recursively obtain infinitely many with the direct sum and the construction in [3] . We emphasize that these secondary constructions of bent functions cannot provide non-dual-bent functions if one does not use a bent function as building block which is already non-dual.
Recall that for two functions f : V m → F p and g : V n → F p the direct sum F : V m × V n → F p is defined as F(x, y) = f (x) + g(y). As easily seen
In particular if f and g are bent, then F is bent, and Proof: Suppose that f * is bent but g * is not, hence | g * (b)| = A = p n/2 for some b ∈ V n . Then
for all a ∈ V m , which finishes the proof. Now we consider the construction introduced in [3] and further investigated in [4] [5] [6] [7] , which combines p bent functions from V n to F p to one bent function in dimension n + 2.
Proposition 1: For j = 0, . . . , p − 1 let f j be functions from V n to F p . The function F :
is bent if and only if for all 0 ≤ j ≤ p − 1 the function f j is bent.
Proof: 
is obtained with the same construction method from f * j , 0 ≤ j ≤ p − 1, (the roles of the variables y and z are interchanged). With those observations and Proposition 1 we get the following theorem.
Theorem 3: For j = 0, . . . , p − 1 let f j be bent functions from V n to F p . The bent function F : V n × F 2 p → F p defined as F(x, y, z) = f z (x) + yz is dual-bent if and only if for all 0 ≤ j ≤ p − 1 the function f j is dual-bent.
V. CONCLUDING REMARKS
In the literature many constructions and explicit representations of bent functions, also in odd characteristic, can be found. Almost all of them describe (weakly) regular bent functions. In [3] the first construction of infinite classes of non-weakly regular bent functions has been presented. This construction combines regular and weakly regular (but not regular) bent functions in dimension n, of which many infinite classes are known, into one non-weakly regular bent function in n + 2 variables. As observed in [6] , the resulting bent functions are dual-bent, a property which non-weakly regular bent functions do not necessarily have. In this article the first theoretical construction of non-dual-bent functions is presented. Moreover we show that with the direct sum of bent functions and with the construction in [3] , recursively one can obtain infinitely many non-dual-bent functions once one example of a non-dual-bent function is known. Our results indicate that being non-dualbent is not an exceptional property for a bent function.
